Semi-infinite wedges 
and the conformal limit of the fermionic 
Calogero- Sutherland Model with spin | 

Denis Uglov 
Research Institute for Mathematical Sciences 
Kyoto University, Kyoto 606, Japan 
e-mail: duglov@kurims.kyoto-u.ac.jp 



January 1996 



Abstract 

The conformal limit over an anti-ferromagnetic vacuum of the fermionic 
spin | Calogero-Sutherland Model is derived by using the wedge product 
formalism. The space of states in the conformal limit is identified with the 
Fock space of two complex fermions, or, equivalently, with a tensor product 
of an irreducible level- 1 module of sb and a Fock space module of the Heisen- 
berg algebra. The Hamiltonian and the Yangian generators of the Calogero- 
Sutherland Model are represented in terms of sb currents and bosons. At 
special values of the coupling constant they give rise to the Hamiltonian and 
the Yangian generators of the conformal limit of the Haldane-Shastry Model 
acting in an irreducible level- 1 module of sb . At generic values of the coupling 
constant the space of states is decomposed into irreducible representations of 
the Yangian. 



Introduction 



Solvable models with long-range interaction have become a rapidly developing area 
of research over the course of the past few years. One important source of these 
new developments was the paper J3| where the original spinless Calogero-Suthcrland 
Model H had been generalized so as to include particles with spin, and where a 
connection between these generalized Calogero-Suthcrland Models and the Haldane- 
Shastry long-range interacting spin chain H(J had been established. An essential 
feature of both generalized Calogero-Sutherland and the Haldane-Shastry Models, 
as emphasized in |jj , is the presence of the Yangian symmetry algebra which com- 
mutes with the Hamiltonian. This infinite-dimensional algebra of symmetries can 
be efficiently used to compute spectra of excitations and, to some extent, dynam- 
ical correlation functions fuj| . Remarkably, the Yangian was found to be an exact 
symmetry of the generalized Calogero-Sutherland and the (trigonometric) Haldane- 
Shastry Models even when the last two are considered in finite volume and at fixed 
finite number of particles. This distinguishes the long-range interacting models 
from the class of solvable models with point interactions, such as the Heisenberg 
XXX spin chain and the Hubbard Model where Yangian symmetry is exact only 
in thermodynamic limit taken over anti-ferromagnetic vacuum. 

The work on conformal limit of the spin-i Haldane-Shastry Model, which was 
initiated in (l2) and continued in Q and [||, brought equally remarkable results. It 
was found, that in the conformal limit taken in the vicinity of the anti-ferromagnetic 
ground state, the space of states of the Haldane-Shastry Model can be identified 
with the direct sum of the two integrable, irreducible level-1 representations of the 
algebra sfe, so that the generators of the Yangian symmetry and the Hamiltonian 
are expressed in terms of SI2 currents. The decomposition of the space of states 
into irreducible representations of the Yangian provides a new basis of the level-1 
representations of sfe and, therefore, new character formulas for these representa- 
tions. This new basis is written in terms of the Vertex Operators associated with 
the level-1 s^-representations, which, in the context of the Haldane-Shastry Model 
are interpreted as creation operators of spinon excitations - particles with spin i 
and half-integer statistics jyj. These results were further generalized to include sl n 
Haldane-Shastry Model , and the g-deformed situation |l3| . 

In the case of finite number of particles several authors observed |2^] , , that 
the Haldane-Shastry spin chain can be considered a special subcase of the gener- 
alized Calogero-Sutherland Model where coordinates of the particles are frozen so 
that only the spin degrees of freedom remain relevant. This suggests, that a sim- 
ilar situation may be encountered in the conformal limit as well. In fact, this is 
a point of view adopted in [Q . Thus the natural problem arises - to find what is 
the conformal limit of the Calogero-Sutherland Model with spin and how to derive 
the Hamiltonian and the Yangian symmetry of the Haldane-Shastry Model from 
the corresponding Calogero-Sutherland objects. This is the main issue with which 
we deal in this paper. Methodologically, a new feature of the present work is an 
extensive use of the wedge product formalism. About this formalism a reader can 
consult the works |^l| , |l4| where it is introduced in the general, g-deformed setting. 

The approach which we use can be summarized as follows. First we reformulate 
the finite-particle fermionic Calogero-Sutherland Model with spin \ in terms of the 
finite wedge product of infinite-dimensional spaces V[z) = C[2,2 _1 ] <E> C 2 . In the 
space V(z) and in the wedge product one naturally defines a level-0 action of sh ■ 

In the wedge product language anti-ferromagnetic vacua of the Model have sim- 
ple and explicit form. Taking advantage of this one can implement a conformal limit 
in the vicinity of any of these vacua by going from finite to semi-infinite wedge prod- 
uct. The wedge product formulation makes the transition to the conformal limit 
especially transparent. The expressions for the spin Calogero-Sutherland Hamilto- 
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man and the Yangian generators remain well-defined when the finite wedge product 
is replaced with the infinte one. Next, the semi-infinite wedge product can be iden- 
tified with a fixed-charge subspace of the Fock space of two complex fermions , the 
charge being defined by the vacuum around which one takes the conformal limit. 

Thus one derives a Yangian action in the Fock space such, that it commutes 
with the Calogero-Sutherland Hamiltonian defined in the same space. The semi- 
infinite wedge product is a level- 1 reducible highest-weight representation of the 
algebra s^. However, it is an irreducible re pre sentation of the direct sum of 5(2 and 
Heisenberg algebra H commuting with 5(2 [[bj]; furthermore , it can be decomposed 
into a tensor product of a level- 1 irreducible representation of and the boson Fock 
space generated by H The last decomposition has the meaning of spin-charge 
separation of the space of states in the conformal limit |Q. The generators of 
assume the role of spin degrees of freedom, while the bosons forming the Heisenberg 
algebra - the role of charge degrees of freedom. 

At two special values of the coupling constant of the Calogero-Sutherland Model 
the charge part of the space of states represented by the Fock space of bosons can be 
projected out, so that the property of the Yangian invariance remains intact. This 
gives the Hamiltonian and the Yangian generators of the Haldane-Shastry Model 
acting in one of the irreducible level- 1 representations of SI2 ■ 

On the other hand at the same two values of the coupling constant one can 
project out the spin degrees of freedom represented by the sb-generators. This 
gives a third-degree Hamiltonian in the generators of the Heisenberg algebra. This 
Hamiltonian can be interpreted as the spinless Calogero-Sutherland Hamiltonian at 
the special value of the coupling constant, and can be compared to the collective- 
field spinless Calogero-Sutherland Hamiltonian recently introduced in |jj . 

Finally at generic, specifically not rational, values of the coupling constant in the 
fcrmionic spin Calogero-Sutherland Hamiltonian one can decompose the fermion 
Fock space into irreducible representations of the Yangian - eigenspaces of the 
Hamiltonian. To carry out this decomposition we use the "fermion basis" , named 
so by analogy with the spinon basis [Q, which is formed by acting with creation 
operators of holes on a vacuum vector. The action of the Hamiltonian and the Yan- 
gian generators on this basis is expressed by means of the finite-particle fermionic 
Calogero-Sutherland Hamiltonian and Yangian generators - the same objects from 
which we start, and then go on to take the conformal limit. However the coupling 
constant is now different - there is a finite renormalization by the amount equal to 
the dual Coxeter number of s^. 

Recently in the paper || the collective-field description of spin Calogero-Sutherland 
Models was given. In this description the Hamiltonians are expressed in terms of 
several bosonic fields. It would be interesting to find a relationship between the 
Hamiltonian which we derive in this present paper and those of 0. 

The paper is organized as follows. In section 1 we describe the finite wedge 
product and define in this product the action of fermionic Calogero-Sutherland 
Hamiltonian of spin ^, as well as the actions of several algebras, one of which 
is the Yangian commuting with the Hamiltonian. In section 2 we consider the 
conformal limit and define the Calogero-Sutherland Model in the Fock space of 
complex fermions. In section 3 we describe the irreducible decomposition of the 
Fock space with respect to the Yangian action. 
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1 Finite wedge product and fermionic Calogero- 
Sutherland Model with spin | 

The main aim of this section is to describe the fermionic Calogero-Sutherland Model 
of spin i and its Yangian symmetry || in the language of the wedge product 
formalism Q . In this section the number of particles in the Model is considered 
to be finite and equal to the number of factors in the wedge product, the last being 
identified with the space of states of the Model. Apart from the actions of the 
Calogero-Sutherland Hamiltonian and the Yangian, in the wedge product one can 
define actions of three Lie algebras: SI2, Heisenberg algebra and Virasoro algebra. 
None of these algebras commute with the Hamiltonian, and in the situation of finite 
number of particles neither of them has any apparent use as far as the Calogero- 
Sutherland Model is concerned. These Lie algebras, however, assume the central 
role in the conformal limit where they become responsible for organization of the 
space of states, and where both the Hamiltonian and the Yangian are expressed in 
terms of their generators. 



1.1 Preliminaries 

The algebra is generated by elements {J^,k,D} where m £ Z , a = 1,2,3 
and k and D are the central element and the degree operator respectively. In 
the normalization adopted in this paper the commutation relations of 5(2 have the 
following form: 

LCJfj = 2te abc J c m+n + 2km6 ab S m+n , , [D,J^]=mJ^. 

(1.1.1) 

The completely antisymmetric symbol e abc which appears above is normalized in 
the usual way: e 123 = 1 . 

Let V — C 2 , with basis {^1,^2} and V(z) = C[z, z~ x \ % V, with basis {z a v e }; 
where a G Z , and e = 1,2. The space V carries a spin 1/2 representation of 5(2 
given by the Pauli operators {<J a }, a = 1, 2, 3 : 

ctV = v 3 - e , a 2 v e = {-iy +1 iv 3 . e , a 3 v e = (-l) e+ V ; e = 1,2. 

(1.1.2) 

The space V{z) carries a zero-level infinite-dimensional representation of algebra 
s\-2- The generators {J„}, m € Z , a = 1,2, 3 and D of SI2 act in V{z) in the 
following way: 

<C = z m a a , D = z|- . (1.1.3) 

oz 

Sometimes it will be convenient to use another notation for the basis vectors of 
V(z) : denote u t ^2n = z n v e ; n S Z, e = 1, 2 . The vectors {uk} , k £ Z then form 
a basis in V(z) . 

Now let us form a tensor product ® N V(z) of N spaces V(z) . This product is 
naturally identified with the space C[zi, z-f , z 2 , , . . . , zjv, z^ 1 ] ® [<g) N V). In this 
space one can define actions of several algebras. First of all, of course, there is an 
action of SI2 given by the tensor product of the expressions ( 1.1. 3| ): 

N N 

j a m = ^ = E« > D = n d = J2 d *- 

2 = 1 i=l (1.1.4) 

Above and throughout the paper the usual convention about lower indices is used 
: if an operator A is defined in a vector space V ( V® V ) , then Ai (Aij) refers to 
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the operator which acts trivially on all factors in a tensor product of several spaces 
V except the i-th ( i-th and j-th ) factor(s) where it acts as A. 

Besides in the tensor product ® N V(z) act other algebras. The first of these 
is an infinite-dimensional Heisenberg algebra H with zero central element. It is 
generated by the elements {B m } , to G Z defined as the power-sums: 

N 

B m = N B m = Y J t?- (1-1.5) 

i=l 

The significance of this algebra will become clear when we go over from the finite 
tensor product of the spaces V{z) to (a wedge subquotient of ) a semi-infinite one. 
Here it suffices to notice that H commutes with the action of s^. 

Next, one defines an action of the Virasoro algebra Vir with zero central charge 

by: 

N 

L m = N L m = -J2 z? D i > c = , m G Z. (1.1.6) 

i=l 

The commutation relations between the generators of Vir and sl% resemble those 
encountered in the Sugawara construction: 

[ N L mi N r n ] =-n N J% +m . (1.1.7) 

Whereas the generators of Vir and H obey a similar type of relations, which is 
reminiscent of the commutation relations between the free boson Virasoro algebra 
and creation/annihilation operators of bosons Jl5| : 

[ N L m , N B-\ =-n N B a n+m . (1.1.8) 

Now we come to a definition of several algebras which are associated with the 
long-range interacting solvable models such as the Calogero-Sutehrland Models with 
spin - alteratively called Dynamical long-range Models ||| , and the Haldane-Shastry 
Model ©|3,@. 

In the tensor product ® N V(z) — C[zi, z 1 1 ,z 2 , z 2 1 , . . . , zjy, z N ] ® {® N V) define 
the coordinate permutation operators {ify } : 

K ij z l = ZjKij , [Kij,Zk] =0 , k^i,j ; 

and the Dunkl operators ^ [l8| {di(a)} , i = 1, . . . , N : 

d t {a) =aD l -t + J2 Oji {Kij - 1) - 9 » ( K V _ ^ ' a e C ' 

j>i j<i (1.1.9) 

where 8ij = Zi/(zi — Zj). 

Together, the operators {di(a), K^} satisfy the relations of the degenerate Affine 
Hecke Algebra : 

Kii + iK l+ ii +2 K ti +i = Ki + i t+ 2K li+ iK l+ i i+ 2 ; [K « + x,Kjj + \] = , \i — j\ > 2, 
K ii+ idi(a) - d i+ i(a)K ii+ i = 1 ; [K ii+ i,dj{a)] = , |i-j|>2, 
[di(a),dj(a)] = . 

Starting from the Dunkl operators one defines, following || a family of mutually 
commuting quantities {h^ n '}, n = 1, . . . , N : 

N 

h^{a) = ^di(a) n . 
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In this article only two of these quantities will be further considered: the h^(a) 
which is related to the energy operator of the Virasoro algebra (1.1.6): 



h^(a) = -a N L -^N(N + 1); 

and h^ 2 \a) which is related to the generalized Calogero-Sutherland Hamiltonian 
N Hcs(a) § @: 

*0(a) = a N Hcs(a) + 2a { N + l) N L + N ( N + 1 ^ 2N + 1 ) . 

(1.1.10) 

N N 

N H cs (a) = a Di + 2 £ iD i + 2 E ^ " ^ ~ ^ ~ ^ ■ 

i=l i=l l<i<j<N 

The Dunkl operators, finally, give rise to a non-abelian symmetry algebra of the 
solvable hierarchy defined by {/["(a)} and, consequently, a symmetry algebra of 
the Hamiltonian N Hcs{&) M- This algebra is the Yangian Y(sl2) |§- It is defined 
by the six generators Q1}, a = 1,2, 3: 



\a N f~\a 

SO 



'Qo 



N ja 



T" 



N 



i=l 



n = N Qi 



N 

1=1 l<i<j<JV 



1 J 



(1.1.11) 



fl.1.12) 



It may be remarked, that the action of Y(sl2) and of the Hamiltonian N Hcs{ct) 
can be restricted from C[z±, z± , Z2, z^ , ■ ■ • , z^, z^ 1 ] ® ((gj-^V) to C[zi, z 2 , . . . , zat]® 
(gi^T^) due to the fact that the Dunkl operators preserve the space of polynomials 
in z±, . . . , Zjsr- This observation will be important in the sec. 3 of this article. 

The four algebras whose action in ® N V{z) was introduced above: the s[ 2 , the 
Heisenberg algebra H, the Virasoro algebra Vir and the Yangian F(s[a); as well as 
the generalized Calogero-Sutherland Hamiltonian N Hcs(&) are the main objects 
that shall be considered separately and in relation to each other in subsequent 
sections. 



1.2 Finite wedge product 

In order to introduce, following Q, the wedge product A N V(z) of spaces V(z) 
one utilizes the operators of coordinate permutation Kij described in the previous 
section, and operators of spin permutation Pjj . The operator Py , 1 < i ^ j < N 
acts in ® N V{z) = C[zi, z± , z 2 , z^ 1 , ■ ■ . , zjv, z^ 1 ] <8> (® N V) by exchanging i -th and 
j-th factors in ® N V. Define C ® N V(z) as: 

ft = (J Ker{K u+1 - P ll+1 ) . 
l<i<N-l 

The wedge product A Ar ^(z) is then defined as a quotient of the tensor product over 
the subspace il: 

A N V(z) = ® N V(z)/n (1.1.13) 

A vector A Ufc 2 A • • • A Uk N G A A 'l / (z) called a wedge thereafter, is de fined a s 
the image of the pure tensor Ufa <8> Uk 2 (8> • • ■ ® under the quotient map ( 1.1. 13| ). 
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A wedge w: 



w = u kl A u k2 A • • ■ A u kN 

is called an ordered wedge provided fej > k 2 > ■ ■ ■ > k^. Thanks to the antisym- 
metry relation: 

u k Aui = -ui Au k , (1.1.14) 



which follows from ( 1.1.13 ), ordered wedges form a basis in the space A N V(z). 

The important property of the subspace f2 is that the actions of the algebras 
s[%, H, Vir and 1^(5(2) pr eserve this subspace. Therefore these actions factor 



through the quotient map ( 1.1.15 ) and define actions of respective algebras in the 
wedge product A N V(z). The Hamiltonian N Hcs( a ) preserves fi as well. So all 
the objects considered in the previous subsection ( with the obvious exception of 
the degenerate Affinc Hccke Algebra) carry over into th e space A N V (z) with their 



respective commutation relations intact. In particular fll.1.10 ) and ( |l . 1 . 1 1 1.1.1 2| ) 



define in A N V(z) the operator N H C s{a) and operators { n Qq, n Q1}, a = 1,2,3 
such that: 

{ N H cs (a) , N Q a r ] = , r = 0,l, 

and { n Qq, n Qi} satisfy the defining relations of the Yangian. These operators 
can be identified with the fcrmionic spin--! Calogero-Suthcrland Hamiltonian and 
generators of the associated Yangian symmetry || |l8| . 
To clarify this, consider T C <E) N V(z): 

T= p| Ker(K ii+1 + P ii+1 ) . (1.1.15) 

l<i<N-l 

This is the subset of "fermionic wave functions " i.e. totally antisymmetric vectors 
in C[zi, Zi , Z2, z^ 1 , . • • , zn, zjf 1 ] ® (<S> N V) = <g) N V(z). In virtue of the relation: 



,N 



V(z) = n®T, (1.1.16) 



the subspace T can be identified with A N V(z). According to [l8| the fermionic 
spin-i Calogero-Sutherland Hamiltonian and generators of the associated Yangian 
symmetry are defined by restriction on T of the Hamiltonian N Hcs( a ) ( 1.1.1C ) and 
the Yangian generators { n Qq f , n Q1 f }- 



N 



N 



qIf = n js = , (1.1.17) 

i=l 

N 

n Qi,f = E^(«K-| E ea " C(J M • (1.1.18) 

i=l l<i<j<N 



These generators coincide with ( |l.l.ll|Jl.l.l2 ) up to the difference in sign in front 



of the double sum term in N Q1 F . The operators N Hcs(<x) and { N Qq F , N Qi F } 
preserve T and, therefore, the restriction of these operators on T is consistent with 
the Yangian defining relations and the commutativity between the Yangian and the 
Calogero-Sutherland Hamiltonian. Acting in T one can eliminate the operators of 
coordinate permutation Kij , replacing them with the operators Pij of spin permu- 
tation, by carrying Kjj to the right of an expression and replacing with —Pij 
in accordance with ( 1.1.1 5| ) . Let N Hcs{a) F and { n Qq f , n Q1 f } be obtained from 
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N Hcs(&) and { n Qq fi Qi f} by carrying out this replacement. The expressions 
for these operators are: 



(1.1.19) 



N 



H CS (a) F = ^(«A 2 + (^ + l)A)+ ^(A-A'+^+l)), 

l<ijij<N 

(1.1.20) 

N 



i=l 



N 



10, F 



'l.F 



i=l 



(1.1.21) 



N 

E 



l<i^j<N 



Turning to the wedge product A N V(z), which is identified with T as shown by 
( 1.1.13| , 1.1.16 ), one can as well obtain a representation for N Hcs(&) and { N Qo> N Qi} 
in which all the operators are eliminated. In this case to eliminate a Ky one 
must carry it to the left of an expression and replace it then by — Py. This follows 
from the relation: 

Ker{K ii+x - P u +i) = Im(K ii+1 + P u+ i) , 1 < * < N - 1 , 



and the definition of the wedge product (1.1.13). A straightforward computation 



shows, that N H CS {a) and { N Q%, N Q$} obtained from N H CS (a) and { N Q%, N Q%} 



by this Kij to 



-Pij replacement coincide with the fermionic operators 



N 



Hcs{c*)f 



and { N Q% F , N Q a l . F } ( |l.l.l9Hl-1.2l| ). Thus the wedge product can be considered as 
an alternative way to introduce the fermionic Calogero-Sutherland Model and its 
Yangian symmetry. 

One advantage of working with wedges is that some of the eigenvectors of the 
fermionic Calogero-Sutherland Hamiltonian have a very simple form when written 
in the wedge language. Let M be an integer such, that M and N have the same 



parity. Then as can be checked by using formulas (1.1.23) and (1.1.24); the vectors 



|M) (Ar) = U M A UM-l A UM-2 A • • • A UM-N+l 



(1.1.22) 



are eigenvectors of the Hamiltonian and highest-weight vectors of the Yangian. 
When both M and N are even, |M)'^ is a one-dimensional representation of the 
Yangian and represents an antifcrromagnetic vacuum of the Model. When both M 
and N are odd , the vectors \M)^ N ' and mm+iA|M— l)^ -1 ) form a two-dimensional 
representation of the Yangian. This is a doubly-degenerate antifcrromagnetic vac- 
uum. 

This indicates that the wedge-product description is suitable if we want to con- 
sider a conformal limit N —> oo over one of the antifcrromagnetic vacua of the 
Model. This is indeed the case as we shall try to demonstrate in the next section. 

For the later use let us write explicit formulas for the action of N Hcs(&) and 
N Qi on an ordered wedge w: 



Put: 



w = u kl A u k . 2 A 



■ A u kN = 

■ ■ A z" lN v eN , h =a- 2 mi , 

k\ > &2 > ■ • • > kjy => mi < TO2 < • • ■ < m-N ■ 
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Then the Hamiltonian acts on w as follows: 



(1.1.23) 



iY 



Hcs( a )- W = /J(amf + 2imi)«; + 2 hij.w , 

i=l l<i<j<N 

where for m < n hij.(- ■ ■ A z m v f A • • • A z n v e > A . . . ) = 

» j 

n— m— 1 

= ^ (n — m — r)(- • • A z m+r u e A • ■ • A z"~ r u e ' A . . . ) . 

r=l 



And for the Yangian action one has: 



(1.1.24) 



JV 



i=l 
JV 

<=i 

JV-l 



i=l l<«<j<A r 

^..(■•■Az m w £ A---Az"^A...) = 



l<i<j<N 



E K-<)(-Az m+ ^A--.Az n - r t) e .A...), m<n. 



r=l 



Above and elsewhere erf .w is defined as: 

a?.w= (--Az^tAjA...) • 



The formulas ( 1.1.23 1.1.24 ) give the action of the Hamiltonian and the Yangian in 
the form which is suitable for a transition to the conformal limit in the neighborhood 
of one of the anti-ferromagnetic vacua 

flt.l.22p of the model. 



2 Semi-infinite wedge product and the conformal 
limit of the Calogero- Sutherland Model 

In this section we start by giving a description of the semi-infinite wedge product 
following the definition given in |j~4| ]. In the language of the Calogero-Sutherland 
Model this definition can be understood as follows. First of all one requires that an 
anti-ferromagnetic ground state: 

|M)(°°) = u M A u M -i A u M -2 A • • ■ (2.2.1) 

be a vector in the semi-infinite wedge product. Then the rest of the vectors that 
span the product are obtained by perturbations of the sequence M, M— 1, M— 2, . . . 



in (2.2.1) in finite number of places. The wedge product so defined is interpreted as 
the space of states of the conformal limit of the Calogero-Sutherland Model over the 
anti-ferromagnetic vacuum, and can be identified with a Fock space of two complex 
fermions. 

The generators of the algebras SI2 and H remain well-defined operators in this 
space of states E3]. So do generators of the Yangian and all the generators of the 
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Virasoro algebra except Lq. After a minor redefinition necessitated by a subtraction 
of the infinite ground-state energy, the Calogero-Sutherland Hamiltonian and Lq 
also become well-defined. 

The fermion Fock space can be decomposed into a tensor product of an irre- 
ducible level- 1 representation of 5(2 and the bosonic Fock space representation of 
the Heisenberg algebra H |Q. Therefore the Calogero-Sutherland Hamiltonian and 
the Yangian generators can be written in terms of s^-generators and the bosons - 
generators of H. At some special values of the coupling constant a the boson part of 
the fermion Fock space can be projected out. The corresponding projections of the 
Hamiltonian and the Yangian generators reproduce the Haldane-Shastry Hamil- 
tonian and its Yangian symmetry algebra acting in one of the irreducible level- 1 
representations of s^. This gives a connection with the previous, well-known work 
of §§. 

It may be worthwhile to emphasize, that the results of this section are derived 
from those described in sec.l, all the intermediate steps being made transparent by 
means of using the wedge formalism. 

2.1 Semi-infinite wedge product 

Charge M semi-infinite wedge product of spaces V(z) , which will be denoted by 
F< M ) , is defined as a linear space with a basis formed by elements: 

u kl Au k2 A... , (ki>k 2 >■■■), (2.2.2) 

fcj = M — i + 1 when i ^> 1 . 

The vector \M) G F< M ) : 

\M) = u M A u M -i A um-2 A... e , (2.2.3) 

will be called a vacuum vector of charge M. Let F be the direct sum of spaces 
F( M ) with all integer charges: 

F = F< M ) . (2.2.4) 
Mez 

The space F can be identified with the fermion Fock space [|l5j Q. Introduce 
wedging operators fa : F^ M ^ —* F^ M+1 \ and contracting operators ipk : F^ 1 ^ — > 
p(M-i)^ e zby their action on a semi-infinite wedge w : 

ipk-w = Uk A w , (2.2.5) 

ipk-(uki A u k2 A . . . ) = 

Jo if fc^fci , i> I, 

|(-1) A; " 1 (wa ;i A Uk 2 A ■ ■ ■ A u~k i A . . .) if k = h . 

where the hat over it^ indicates that this factor is omitted from the product. 

The operators ipk and ipk generate the entire space F from the vacuum |0) and 
satisfy the usual fermion anticommutation relations: 

{$k,-M = hi, (2.2.6) 
{■ipk, $1} = {^k>ipl} = . 

Sometimes it is covenient to consider the fermions with odd and even modes 
separately. Then ip2k+e (V^fc+e ) are identified with creation operators of electrons ( 
holes ) with spin up (e = 1) or down (e = 2). 
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2.2 Action of the algebras sl 2 , H and Vir in the semi-infinite 
wedge product 

The space of semi-infinite wedges F^ M ^ becomes an s[ 2 -module after one defines 
an action of the generators { J^} in F^ M%> by replacing the finite summation in the 



formula (1.1.4) with an infinite one. Even though the 5I2 generators are expressed 
by infinite sums, they map a semi- infinite wedge into a finite linear combination of 
semi-infinite wedges. Therefore these generators are well-defined operators in _p( M ) 
and as such can be written as normal-ordered fermion expressions: 

J a m = °° J%> = E« = (2-2.7) 

i=l 

fceZei=l,2 

where a^i f is defined by: a a v t — v e ia®i e . 

Similarly, starting from ( |l.l.5| ) one defines in F^ M ' an action of the Heisenberg 
algebra: 



B m = 00 B m = Y^z™ = (meZ^o) (2.2.8) 
i=i 



kez 

B \ F(M) = AfId| F( M) . (2.2.9) 

The normal ordering : : which appears above in the expression for the charge oper- 
ator Bq is taken with respect to the vacuum vector |0). 

The transition from the finite to the semi-infinite wedge product has two impor- 
tant effects. First, the commutation relations of and H acquire anomalous terms: 
i*"( M ) is a level-1 representation of SI2 , and the power sums {B n } , n G Z^o become 
creation (n < 0) and annihilation (n > ) operators of bosons. The commutativity 
between 5(2 and H actions , however, remains intact: 

[J«,j£] = 2ie abc J c m+n + 2m5 ab 5 m+nfi , (2.2.10) 
[B m ,B n ] = 2m8 m+nfi , (2.2.11) 
[J^,B n ] =0. (2.2.12) 

The second effect of going over to semi-infinite wedges is that unlike the fi- 
nite wegde product, F( M ' is a highest-weight representation of both 5I2 and the 
Heisenberg algebra - the vacuum \M) is the highest-weight vector: 

J$\M) = B n \M) = 0, n>0 (2.2.13) 

„ , ( 1 M is even , . „ 

Ja\M) = < , s 2.2.14) 
017 I \M) M is odd . V ' 

The space F( M ^ is reducible with respect to both SI2 and H actions. However, 
it is an irreducible module of the direct sum 5I2 © H. The decomposition of F^ M ' 
into irreducible representations of the affine and the Heisenberg algebras is well 
known [Q: Let V(Ai) , i = 0, 1 be the two level-1 irreducible, integrable 5(2 
representations with st 2 highest weights Aj and highest- weight vectors |Aj); and 
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C[H-] = C[B_i,B_2, . • •] be the Fock space of the bosons {B n }. Then F^ is 
isomorphic as SI2 © H representation to the tensor product of V(Aj) and C[H-]: 



= V(A l ) ® C[H-] 
\M) = \ki) ® 1 

where % = 0(1) when M is even(odd) 



(2.2.15) 
(2.2.16) 



Since F^ is an irreducible representation of © H, any operator acting in 
F^ M > can be expressed in terms of the operators { J%, B n }, a — 1,2,3, n E Z. 

Now let us turn to the Virasoro algebra which was defined in the finite wedge 



product by the expressions (|1.1.6|). Replacement of the finite summation in (1.1.6) 



by an infinite one, as one goes from the finite to the semi-infinite wedge product, 
gives rise to well-defined operators L m when ra/0. In the case of L n , in order to 
obtain a well-defined operator in i*"( M ) , one has to subtract term by term vacuum 
|0) eigenvalues of the differentials {Di}: 



3 T 
J-ir, 



(to G Z-i ) 



(2.2.17) 



fe £ Z e=l,2 



i=l 

e-2k-2m'4>e-2k 



■£(a 



(2.2.18) 



i=l 



= - £ ^ X! 1 ^e-2fe-0. 



c-2fc 



feeZ e=l,2 



The numbers /ij; that enter into the formula ( 2.2.18 ) are defined as follows: for 
any M put: 



(2.2.19) 



I M) = u M A Um-1 A U M -2 A . 



,(M) ,(M) ,(M) 

= z n i v ei A 2! 2 u C2 A z n 3 v e3 A 



M + i-1 (mod 2)). 



The action of Vir in F^ M ^ so defined has a central charge equal to —4 ; and is 
a highest- weight action, with the highest- weight vector \M): 



L n \M) = 0, 
L Q \M) = 



n > , 

4f(¥-l)|M) Mis even, 



(^) 2 |M) 



M is odd. 



(2.2.20) 



The Virasoro generators {L m }, can be expressed in terms of {J%} and {B n } as 
guaranteed by (2.2.15). In order to obtain this expression one can use the commu- 
tators: 



[L m > J n ) — n J n 



+771 ' 



(2.2.21) 



and 



[L m , B n ] = -n B n+m + (1 - m)m5 m+nfi . (2.2.22) 
Notice the presence of an anomalous term in ( 2.2.22] ) as compared to ( 1.1. 
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These commutation relations together with the irreduciblity of i^ M ) as 5I2 © H 
representation give rise to the following decomposition of L m , m G Z : 

X 4 = 4> } + 4f, (2.2.23) 

where {1^'} denote the Sugawara operators constructed from the SI2 generators 
{J^j} ; and {Lm^} are the "free boson" generators of Vir 

4f ' = J H : -B- n B n+m \ + \{m- l)B m . (2.2.24) 

nGZ 

For any two A m , C ra the conformal field theory normal ordering : : is defined as 
follows: 

■ • J A m C n n > m , 

:^mC„: = i (2.2.25) 

I ^nA m II <*. Ill ■ 

The Sugawara operators {L„'} have central charge 1 ; and the operators {Lm } 
have central charge equal to —5. The last operators belong to the "Coulomb gas " 
family of Virasoro representations which have central charges 1 — 6/1 2 , fi € C. 

The vacuum vector \M) = \Ai) (E> 1 is still a highest weight vector of both {L™'} 
and {Lif 1 }: 

4 J >|M) = 4 B )|Af) = 0, n>0 (2.2.26) 

1 71 , I M is even , 

4 M = „ , 2.2.27 
1 7 \j|Af> Mis odd. v ' 

L ( B) \M) = M(^-1)|M). (2.2.28) 

2.3 Action of the Yangian and the fermion spin-| Calogero - 
Sutherland Hamiltonian in the semi-infinite wedge prod- 
uct F 



Now let us turn to the Yangian generators that were defined in the finite wedge 
product by ( 1.1. 11 , 1.1. 12 ) and the generalized Calogero-Sutherland Hamiltonian 
defined by ( 1.1.10 ). Our aim in this subsection is to transplant these objects from 
the finite to the semi-infinite wedge setting. 

Consider fir st the Yangia n. In the Yangian generators we replace the finite 
summations in (1.1.11,1.1.12) by infinite ones: 



Qo 
Qx 



(2.2.29) 
(2.2.30) 



In the case of the generators one can be more specific and, replacing in 



(1.1.24) N with 00, write an action of these operators on an ordered semi- infinite 
wedge w: 



A z' U2 v t2 A z" l3 v e3 A 



F (M) 



(2.2.31) 
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This action is given by: 



(2.2.32) 



i=i 



i—1 l<i<j<oo l<i<j<oa 

Despite the presence of double infinite sums in the last expression, it specifies well- 
defined operators in a space of semi-infinite wedges F^ M ^ - that is acting with 00 
on a wedge produces a finite linear combination of wedges. 

Similarly, an action of the generalized Calogero-Sutherland Hamiltonian in F^ M ' 



is obtained by extending the sums in (1.1.23) to all positive integers. In this case, 
however, in the single sums in ( 1.1. 23j ) one has to subtract term by term vacuum 



eigenvalues of the summands - as it had been done for Lq in the previous subsection. 
Thus one defines an operator Hcsip) '■ 

H cs (a) = ™H CS (.a), (2.2.33) 



where the action of °°Hcs{a) on an ordered wedge w (2.2.31) is 



x Hcs(a).w = ^{a(rr$-(h? ) f)+2i{rr H -hW)}w + 2 J- h tJ .w . 

1=1 i<i<j<™ (2.2.34) 

Like the Yangian generators {°°Qq, °°Qi}, the operator °° Hcs{a) is well-defined 

Thus we have defined an action of the Yangian Y(sl<2) and an action of the 
fermionic, spin-i Calogero-Sutherland Hamiltonian in each of the spaces i^ M ) and, 
consequently, in the Fock space F. Strictly speaking one must check, that the 
operators {°°<2o, °°(9i} still satisfy the Yangian defining relations and commute 
with °°Hcs(ct) - as going over to semi- infinite wedges may give rise to anomalies 
in the commutation relations. In the next section we shall see, however, that such 
"symmetry breaking" anomalies do not appear. 

As the next step, one can express the Yangian generators and the Hamiltonian 
in terms of th e sb g enerators { J^} and the bosons {B n } in accordance with the de- 
composition Q2.2.15D - For the Yan gian one obtains the following expressions, where 



the notation is chosen so as to indicate the dependence of the Yangian generators 
on the parameter a: 



(2.2.35) 
(2.2.36) 



??(«) = °°Q a i = (1+ 2(1-M))JJ- 

-f E J -n R » ~ (f + !) E B - J » - \ E t abC J-nJn 
n> 1 n>l n>l 
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For the Hamiltonian one obtains: 



(2.2.37) 



H cs (a) = ^Hcsia) 



= -^M(2M 2 - 3M - 2) + | - ML 
+ (a + l)(M-l)(~4 B) + 4 J) ) + 



n>l n>l 



n>l n>l 
3 



n>l n>l a— 1 

where e = 0(1) when M is even(odd). 



It is clear that Lq = L Q J ^ + L B ^ commutes both with the Yangian and with the 
Hamiltonian. So, to simplify Hcsi^) we shall, in what follows, remove the constant 
term and the term proportional to Lq, defining Hcsi^Y by: 

H CS {a) = Hcs{a)' + ^M(2M 2 - 3M - 2) + | - ML , 

and from now on d ropping the p rime. 

The equations ( [2.2.35 . 2.2.36| ) and ( 2.2.37 ) constitute the main result of this sec- 



tion. They define the conformal limit of the fermionic spin-i generalized Calogero- 
Sutherland Hamiltonian and the generators of the associated Yangian symmetry. 

It is natural to call the sl2 generators "spin" degrees of freedom and the bosons 
"charge" degrees of freedom. The decomposition ( [2.2.15 ) then can be interpreted 



as a "spin-charge" separation of the space of states into a product of pure spin and 
pure charge factors Q]. This separation is a feature of the conformal limit and is 
absent in the situation where the number of particles in the Calogero-Sutherland 
Model is finite. 

At generic values of the parameter a the space F( M > is the space of states of 
the model and cannot be reduced to smaller spaces without breaking the property 
of integrability and the Yangian invariance. At two special values of the parameter 
a, however, such a reduction is possible. These values are: 

a = Q , and a = -2 . (2.2.38) 

First consider the point a = 0. Let F^ M ^ be a subspace of F( M ^ which consists of 
all V(Aj)-valued polynomials without constant term in the boson creation operators, 
i.e: 

FW = (© n >iCB_„)F (M) . (2.2.39) 
We have an isomorphism of 5I2 modules: 

F (M) /F (MY „ ^(A Mmod2 ) ® 1 ~ V(Ai) . (2.2.40) 

The operators Q?(Q) and Hcs(Q) preserve the space F^ 1 " 1 ' : 

QJ(0) , H CS (0) : F^' <- . (2.2.41) 
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Indeed, Qi(0) depends only on the creation operators {£>_„}, n > 0, whereas 
Hcsity contains the annihilation operators {B n }, n > only in combinations: 

B-„B n , B_ n L^ , L^B n , 

all of which commute with L and therefore preserve the principal degree of 
polynomials in {£?_„}, n > 0. 

Thanks to ( 2.2.41 )one can quotient out the subspace F^ M ^ from the space of 



states and restrict the model upon V(Ai) as can be seen from ( 2.2.40D . A convenient 



way to implement this quotient is to put all the creation operators of bosons equal 
to zero: 

B n = , n < . (2.2.42) 

Let l be the map : 

l : End(FM) -> End(V (A Mmod2 )) (2.2.43) 

induced by the quotient map ( |2.2.40[ ) . Then the operators that define the restriction 
of spin Calogero-Suthcrland Model upon the highest-weight irreducible 5^ repre- 
sentations V(Aj) are seen to be: 

(2.2.44) 



t (Q (0)) = Jq 



n>l 

(2.2.45) 

1 1 3 

i(Hcs(S>)) = — M(M - 1)(M - 2) + (M - 1)4 J) - 2 E E nJ -n J « ■ 

n>l a— 1 

In these operators one recognizes the Yangian generators and the Haldane-Shastry 
Hamiltonian which were discovered in p2| and further studied in pj and |j| . 

Another point where one can reduce the space of states F^ M ' is the point a = —2. 
In this case the subspace F(AMmod2) <8> 1 is invariant under the action of Q1{— 2) 
and H CS (-2): 

Q?(-2) , ffcs(-2) : y(A M mod 2 ) ® 1 ■ (2.2.46) 

The restrictions of Q"(— 2) and Hcs{—^) upon V(AMmod2) ® 1 again reproduce 
the Haldane-Shastry Hamiltonian and the associated Yangian generators: 



(2.2.47) 



<3l(-2)|v(A Mmod2 ) = MJq - - E ^J-nJn > 

(2.2.48) 



2 

n>l 



^cs(-2)k(A Mmod2) = — M(M-l)(M-2)-(M-l)4 ;) - 

n>l a— 1 

At this point the constraints that lead to the reduction of the space of states are 



opposite to ( 2.2.42 ) - they are expressed by putting the annihilation operators of 



bosons equal to zero: 

B n = , n > . (2.2.49) 
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One can trace the origin of the constraints ( [2.2.42 .2.2.49) to the situation of 
finite N. To do this let us recall, following [22| , that in the case of finite number of 
particles the Haldane-Shastry Model can be obtained from the fermion Calogero- 
Sutherland Model (1.1.19) at a = by pinning down the coordinates of the particles 
{zi} in an equally-spaced fashion around the unit circle in the complex plane: 



exp(^r) 



j=l,...,N. 



(2.2.50) 



To be more precise, the above constraints must be amended because a multiplication 
operator Zj is not defined in the space of states of fermions - its action violates the 
antisymmetry condition: 



Ku+i — —Pi 



ii+l- 



(2.2.51) 



Rather, instead of ( |2.2.50 ) one may substitute the weaker requirement that the 
power sums ( [L . 1 . 5| ) vanish: 



iV 



N 

£ 

i=l 



zf = 0, O(modiV). 



(2.2.52) 



Since the power sums transform into bosons in the semi- infinite wedge limit ( 2.2. 8| ), 
by analogy with Q2.2.52D the constraints Q2.2.42| , |2.2.4"g| ) can be now taken to express 
a pinning of an "infinite number " of particles along the unit circle, so that only 
their spin degrees of freedom survive. 

Finally, let us remark that at the special points a = , —2 one can eliminate 
the spin degrees of freedom so that the Yangian generators become equal to zero 
and in the Hamiltonian only the terms which depend exclusively on the bosons 
remain. The Hamilonian so obtained resembles, but is not identical to the spinlcss 
Calogero-Suthcrland Hamiltonian acting in the Fock space of bosons which was 
recently defined and studied in 



3 Decomposition of F( M > into irreducible represen- 
tations of the Yangian 

In this section we shall demonstrate, that at generic values of the parameter a the 



space of semi-infinite wedges F or, equivalently, the Fock space of fermions (2.2.5) is 
decomposed into a direct sum of irreducible representations of the Yangian defined 
by the generators (2.2.35 2.2.36). These representations are obviously eigenspaces 
of the Hamiltonian (2.2.37). Since the Yangian generators and the Hamiltonian 
act within each of the subspaces of fixed charge F^ M ' , the problem is reduced to a 
decomposition of F^ M \ 



3.1 A "fermion" basis of 

As a starting point in the decomposition we define a suitable basis in F^ M \ This 
basis is essentially the basis formed by the ordered wedges represented in a conve- 
nient form. We call this basis a "fermion" basis by analogy with the spinon basis 
ofref. |,§. 

Let fi^' C i^ M ) be a subspace of F^ M ' defined with the aid of the creation 
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operators of holes ipk as follows: 

(3.3.1) 

fi M = C {V , ei-2(ai+ S )V , e2-2(a 2 +s)---V'ejv-2(a J v+ S )l iV + M >}a,eZ , 



S = 1 



iV + M 



The spaces &m with TV such that N + M is an even number span the entire 
space F (M *>: 

F (M *>= |J <>, (3.3.2) 

7V>0 
iV+M=even 

and from now on we shall consider £1™ with N + M = even only. 

The spaces with different values of AT are not, however, linearly indepen- 
dent. Rather, they are imbedded into each other as expressed by the following 
inclusion: 

fi<*> D 4?" 2) , N > 2. (3.3.3) 

Therefore: 

F {M) = ^V^. (3-3.4) 

N>0 
N+M=even 

where for N < we put Slffl = • ( 3 -3-5) 
Let w = (wi, . . . , uun) be formal variables and {v±, V2] be the basis in V — 



w and {v e } will be called auxiliary variables. Define a generating function Q,^\w) 

(3.3.6) 



for the vectors which form the space fij^ ■ 



i'^i^+s) ■ ■ ■'4>e N -2{a N + S )\N + M){ Vei ® • • ■ ® W^JtoJ 1 . . . U> ' 



"1 „„<W 



This generating function contains only non- negative powers of the variables w\ , . . . , wn ■ 
This follows from: 

lpe~2(a+s)\N + M >= , a < 0,6-1,2. 

Moreover Q^\w) is totally antisymmetric in the auxiliary variables: 

(C[w 1 ,...,w N ]® (® N V)) F C C[wi,...,w N ]®(® N V) , 

(C[ioi, . . . ,wn] <8> (® N V)) F = f| Ker(K ii+ i + Pu+i) . (3.3.7) 

K»<jV-l 



In terms of the generating functions the inclusion ( 3.3.3 ) can be expressed as follows 



\w)\w N _ 1= w N =0 = (W\W2 ■ ■ ■ WN-2)&M 2 \w) ® («1 ® ^2 ~ f 2 ® Ul) 



(3.3.. 
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Computation of the action of the Yangian generators (2.2.35, 2.2.36) on a generating 
functon Qm(w) yields the following result: 



N 



(3.3.9) 



(3.3.10) 



N 



{ N Ql' F (~{a + 2)) + (a(^±^ _ l) + N _ l) £ <}^H 

i=l 



In the formula for Qf(a)Clffi(w) we have used the notation (1.1.18) 



N 



N 



l<i<j<N 



i=l 



(3.3.11) 



In the relations ( 3.3.10 , 3.3.11 ) it is understood, that the operators {Qo( a )j Qi (a)} 
act in the first factor in the tensor product 

n^ } (g)(C[wi,...,w N ]^ (® N v)) F , 

while the opertors which appear in the right hand side act in the second factor: 

(C[w u ...,w N }®(® N v)) F . 

Thus we see, that the action of the Yangian in fijjj^ is equivalently described by 
the action of the fermionic Yangian generators on the dual variables. However the 
coupling constant is different from the "bare" coupling constant a . The effect of 
working with semi-infinite wedges is a renormalization: 



a — ► a + 2 



(3.3.12) 



Also, there is a change of sign since we use the hole creation operators tpk to form 
the generating function fl^\w). From now on we shall fix the notation: 



f3 = -(a + 2) . 



(3.3.13) 



Similarly, the action of the Hamiltonian (2.2.37) in ls reduced to the action 
of TV-particle generalized Calogero-Sutherland Hamiltonian on the dual variables: 
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(3.3.14) 



JV 



= { N H CS (P) + (08 + 1)(2 -N-M)-N-2)J2 A 
03 + 1), 



12 



-(TV + M - 2)(JV + M -1)(N + M) + 



+(/? + l)JV(l- 



1 TV JV 



where we put: 

c(/?,JV,M) = 

(/? + !) 
12 



+c( / 9,iV ! M)}^ ) H 



(JV + M - 2)(JV + M - 1)(JV + M) + 1)JV(1 



7V + M. 2 

n ) 



6/3 



N(N + 1)(2JV+ 1) 



and /3 = -(a +2). 

Three remarks are in order. First: the eq uations ( |3. 3. 1C . 3. 3. 11 ) and ( 3.3.14 ) 
demonstrate that the operators ( 2.2.35 2.2.36| ) satisfy the defining relations of the 
Yangian and commute with the Hamiltonian (2.2.37). Second : the Dunkl oper- 
tors {dj(/3)} preserv e the space of polynomials in w, and therefore the equations ( 
3.3.10| ,3.3.1l |3.3.14 ) contain only non-negative degrees of w in both sides. Third: 
a straightforward verification shows, that the equations (3.3.14) and (3.3.10 3.3.11) 



are consistent with the restriction (3.3. 



Finally, the action of the operator Lq on Cl^p (w) is found to be 

N 

L < ) H = {E^ 



(3.3.15) 



3.2 Irreducilble decomposition of the space with respect 
to the Yangian action 



The relations ( 3.3.10 3.3.11 ) show, that the Yangian decomposition of the space 
ft^ will be found once we decompose the space (C[wx, . . . ,wn] ® (® N V))f into 
irreducible representations of the Yangian generated by the operators: 



(3.3.16) 



(3.3.17) 



i=l 



)IAP) = N QT F (P) + ((f3 + 2)(~ : 



From now on we assume, that (3 is a generic complex number, specifically not a 
rational. 
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At this point it will be convenient to switch to the L-operator formalism. Now 



we use another presentation of the Yangian generated by the operators (2.2.35 
2.2.36| )- the presentation in terms of the Yangian - valued matrix g : 



T (x) = T y (aO, i,j = 1,2; det,T(s) = 1 , (3.3.18) 
T (a:) 6 End(V ) ® Y(sl 2 ) , V = C 2 . 



Introduce an L-operator: 



L 0i (x) = I- — 1 (3.3.19) 

x 



where Poi is the permutation operator of spaces Vq and Vi, and x is a spectral 
parameter. 

For commuting operators or c-numbers {6i}, i = 1, . . . , N define T-matrix by: 



T (x,{bi}) = L i(x - bi)L 02 (x -b 2 ) ■■■ L 0N (x - b N ) 



Now the relations ( 3.3.10, 3.3.11) assume the following form 



(3.3.20) 



(3.3.21) 



T (x)n<£\w) = V (x)T Q (x,{di{l3)+Ti{0,N,M)})il^(w 



N + M 

where r}(0, N, M) = N - 1 + (J3 + 2)(1 ^ — ) . 

The f(x) above is a scalar, symmetric function of Dunkl operators. It is defined by 
the requirement that the quantum determinant of the T-matrix : 

T (x) = <p(x)T {x, {di(p) + ri(p, N, M )}) , (3.3.22) 

be equal to 1. The explicit form of <f(x) is not needed in what follows because 
Yangian highest-weight vectors and associated Drinfel'd Polynomials do not depend 
on ip(x). 

The rest of this subsection is concerned primarily with the description of the 
decomposition of the space (C[wi, . . . ,tujv] ® ( ( X )7V ^))f into irreducible subrepre- 
sentations of the T-matrix ( |3.3.22| ) . The details of the derivation of the g-deformed, 
bosonic analog of this decomposition can be found in |23]| . the adaptation to the 
present q —> 1, fermionic situation is straightforward. The results concerning the 
Yangian decomposition of the space £1™ a PP ear & t the end of this subsection in 



( [3313] - pT48) ) 



Let A be a partition of length < N : 

A = (Ai > A 2 > • • • > X N > 0) , 

and let Ajv be the set of all such partitions. 
Writing a partition A as: 

A = (Ai = • • • = A mi > Ai+ mi = • • • = A m2 > . . . 

• ■ ■ > Ai +m ; = • • • = Ajv > 0); 

define S x as a subset of permutations of {1, . . . , N} such, that in the elements of 
S x the original order of the sequence 1,2, ...,N is preserved within each of the 
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following J + 1 subsets: 



{1,2,. ..,771!} 

{1 + mi, 2 + mi, ... ,7712} 

{l + m,/,2 + mj,...,7V} , 
(0 = mo < mi < m-2 < ■ ■ ■ < mj < N) . 

Elements of the set S x are in one-to-one correspondence with distinct rearrange- 
ments of the partition A. 

Associate with a partition A a sequence of N numbers {( x }, i = l,...,N: 

$ = PXi - 1 . (3.3.24) 

Next, define a polynomial $ A (u>) by: 

!j-l m i+ i .; "I 
n n n (^-ciVjmSm; 
i=o j=i+ mi fc=i+i J (3.3.25) 

where J\ (w) is the Jack Polynomial of N variables associated with the partition 

The polynomial <I> A (w) is a common eigenfunction of the Dunkl operators: 

di(p).$ x (w) = &$ x (w) . (3.3.26) 

(2) 

Let A]y C Ajv be a set of all partitions that contain no more than two equal 
parts of any given value > 

N 



For A G A$, let I x C {1, 2, . . . , N} be the maximal subset of {1,2,..., N} such, 



that: 

Xi = X i+ i for all i £ I x . (3.3.27) 

With A G A^ associate a subspace W x of the tensor product ® N V by antisym- 
metrizing factors i and i + 1 for all i G J 



A. 



W x = n (1 - Pu+i ) ® N V . (3.3.28) 

Fix a A G Ajy. For all a £ S x define an operator Y A (er; u>) : ® N V — » C[wi, . . . , Wat] 
by the following recursion relation: 

Y A (id;w) = $ A H , (3.3.29) 

Y x ((i 1 i + l)a;w) = K M+1 (C A -C^ +1 )Y A (a;u;) ; a, (i, i + l)a G 5 A ; 
here the operator Yi^ + i(u) is: 

(1 - uK ii+ i)(l + uP ii+ i) 



1-u 2 



A remark on this definition must be made. The set S x is connected in the following 
sense: for any element a G S x one can find a chain of pairwise permutations (i r , i r + 
1), (i r _ 1, V- 1 + 1) ■ ■ ■ + 1) such that: 

0= (v,i r + l).(v_i,v_i + l).-- - .(ii.ii + l){l,2,...,iV} , 

(3.3.30) 
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and for any 1 < k < r the permutation 

(tjk.ifc + l).(i k -i,ik-i + !).••■ .(<i,*i + l){l,2,... > JV} 



(3.3.31) 



belongs to the set S x . The chain ( |3.3.3C ) in general is not unique, but the opera- 
tor Y a (<j; w) is dehned unambiguously by the recurrence relation ( |3.3.29[ ) because 
Y^i+i (u) satisfy the Yang-Baxter equation and the unitarity condition: (u)Yi^+x (- 



Next, for any A G A y N ' define the following operator: 

U A (w) = Y x {a-w) . 

a£S x 



(3.3.32) 



The operator U (w) maps W into (C[u>i, . . . , wn] <8> (® V))f, and is a Yangian 
intertwincr: 

T (x, {dm + r,(f3, N, M)}).U A H = U A HT (z, {C, A + rj(/3, TV, M)}) 



(3.3.33) 



Next, consider the unique vector of lowest spin in the space W x 



V = V 2 <X> 1>2 



<V 2 <8> («1 ® t>2 — "2 ® U l ) ® W 2 <8> «2 
■ • • ® «2 ® (Vl ® «2 - «2 ® Ul ) ® . . • 

12 12 + 1 «2 i2 + l 

. . . (gl V 2 (8> «2 , 



Inspection of the numbers {Q} introduced in ( 3.3.24 ) shows, that the matrix T (x, {( x - 
rj(P,N,M)}) acts in the space W x irreducibly, and v x is a lowest-weight vector of 
this matrix. 

Now, fix a basis r(A) in W x . For r £ r(A) put: 

(j> X (w) = V X (w).T 



The linear space F 



A. 



F A = © reT(A) C^ A ( W ) 



(3.3.35) 



(3.3.36) 



is an irre ducible lowest weight representation of the Yangian generated by the 
T-matrix ( 3.3.22 ) with the lowest-weight vector <p x x (w): 



T 12 {x)4 X Aw) = 0, 
T n (x).^(w) = tn(x)(f) X \ (w) , 
T 22 (x)4 x vX (w) = t 22 {x)4> x vX (w) . 



(3.3.37) 



The Drinfel'd Polynomial Pjy (x) of this representation is defined by the ratio of the 
c- valued functions tn(x), t 22 (x): 



tnjx) = P^jx + V) 
t 22 {x) P x {x) 



this polynomial equals: 



Pn(%) = II (* - 1 - P*J + j - v(P, N, M )) 

l<j<N 

; iel x 



(3.3.38) 



(3.3.39) 
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The space F x is also an eigenspace of the fermionic spin-i Calogero-Sutherland 
Hamiltonian and of the degree operator: 



E(X; N, M) 



N 



E(\;N,M)ti(w) , rer(A) ; 

N 



i=i 



N 



((0 + l){2-N-M)+N)J2Xi 
JV(JV + M - if 



(/? + !){ 
1 



12 



(JV + M - 2)(JV + M - 1)(JV + M)} 



E^M = |A|^(t 



(3.3.40) 



(3.3.41) 



Moreover, the decomposition of (C[wi, . . . , w_/v] <g> (<g> V))f into spaces F x , A e 



f 2') 

A^' is complete: 



(C[wi, . . . ,w N ] <8 (® Af y))F = © ApA (2)^ 



AeA< 



(3.3.42) 



Now expand the generating function Q^\w) using the vectors <fi x (w) as a basis 



in {C[wi,...,w N ]®{® N V)) 



= E E <r^H, 



(3.3.43) 



and define a space 9^' x G ' as follows 



9. 



(N).\ 

M 



tr, ,W- A 

rer(A)^M,r I 



(3.3.44) 



The space fi^' A is an irreducible highest weight representation of 5^(sfe) de- 



and the Drinfel'd 



fined by (2.2.35 2.2.36), with the highest weight vector 
Polynomial Pfc(x) (|3.3.39|) . It is also an eigenspace of the operators He sip) and 
L : 



H cs (a)J^ x = E(X;N,M)J^ X , 

L .4^ A = h(X;N,M)J A ^\ rer(A) 

M + JV M - JV 
/i(A;JV,M) = |A| + (^-^-l)(^i-il). 



(3.3.45) 
(3.3.46) 



To be more precise, one must verify, that none of the spaces f2^' A are equal 

to identically. This verification is done by computing the character F(q)^ — 

)W -+ n x c A (2) 



tr n (») (g °) using the relation (3.3.46), and assuming Cr M ' 
result of this computation is: 



£ 0,A G 



(N) 

The 



M f M i\ 

q 2 y 2 L > 



E 



(r) ? = n(l-g n ). 



g i(W+-AT-) 2 

(N+) q (N-) q ' 



(3.3.47) 



71 = 1 
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The expression above is seen to be a partition function of N fermions of spin i. 
Alternatively the character can be computed directly - without reference to the 
Yangian decomposition - by using the hole basis in the space as written in 



the formula (3.3.1). The expression for the character so computed coincides with 
(|3~3T7|). 



Thus the Yangian decomposition of the space is found to be: 



(N) _ 
M ~ 



,0 



(JV),A 
M 



(3.3.48) 



The Drinfel'd Polynomial of a representation Cl^p'^ is given by ( pA39| ); the eigen 



values of Hcs (at) and L are specified by the equations ( p\3.45| ) . It may be remarked 
that in the case of generic a ( or generic /3 = — (a + 2) ) which we are concerned 
with all the irreducible Yangian representations that appear in the decomposition 
( 3.3.48| ) are isomorphic to tensor products of 2-dimensional evaluation representa- 
tions of the Yangian JjJ. 



3.3 Decomposition of a space of semi- infinite wedges 
into irreducible representations of the Yangian 

To complete our discussion of the Yangian decomposition, we must find out which of 
the irreducible representations that appear in the decomposition of the space 



( $.3.48Q belong also to the space f2 



(N-2) 



content of each of the complements \ 91 ^ z> and, as can be seen from ( 3.3.4 ) 
the irreducible Yangian content of the space F^ M \ 



M 



This will make clear the irreducible 



,(JV-2) 



(2) 

Define a set A K N ' Q as follows: 



A 



(2) 
N,0 



= {AeA^ ) |A A r_ 1 = A A r = 0} 



(3.3.49) 



Let us demonstrate, that: 



if AeAf»\A K ,o. 

First, let Ajy > 0. Then one has: 



,(2) 



then n^' X t nf- 2) 



4> T {w) = (wiio 2 ---Wn)^H 
where = Aj — 1 , 
r G r(A) = t( P ) . 

This is seen from ( 3.3. 25|) and the relation |l7| : 



(3.3.50) 



(3.3.51) 



j xn( w ) = ( w l w 2 ■ 



Now, let A 



N 



of the representation d,^ contains the root: 



The required property then follows from (3.3.51, 3.3 

but Aat_i > 0. In this case the Drinfel'd Polynomial (3.3.39) 

N + M 



703, N, M) = 1 + f3\i — i + n{fi, N, M)\ i=N = (fi + 2)(1 



-), 



which can never appear as a root of a Drinfel'd Polynomial associated with any of 



the irreducible Yangian sub-representations in Q M 
follows the property ( 3.3.50 ). 

A computation of the character of the space : 



(N-2) 



as long as (3 is generic. Hence 



9. 



(N),\ 
M 



c n 



(JV) 



(3.3.52) 
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shows, that this character is equal to the character of the space 0$ 2 \ This, and 



gives the desired decomposition of the space fl M \ il 



(N) v n (iV-2). 
M 



U M \ U M - ©AGA (2) \A (2) i2 A/ ' (3.3.53J 



The last equation together with ( 3.3.4| ), constitute the irreducible decomposition of 



the space F^ M ^ with respect to the Yangian action defined by (2.2.35, p.2.3(i| ): 

^ (M) = (®^ A %/m U ) • (3-3.54) 



7V>0 
Af+M=even 



One can reformulate the result of this decomposition in a somewhat different way. 
Let A^ 2 ) be the set of all partitions which have no more than two equal parts of any 
given value ( set of all Young diagrams which have no more than two rows of any 
given length ). One has: 

A (2) = (J Ag>\A«. (3.3.55) 

N>0 
N+M=even 

For A E A^ 2 ) and M even(odd) define as follows: 

a _/^r KA)) ' A Z(A)=even(odd), 
M ~ Mr KA)+1) ' A /(A)=odd(even). 



The decomposition (3.3.54) of the space F^ M ' with M even(odd) then can be written 
as: 

F (M) = ©xeAW^M , 

where f2 A is a highest-weight irreducible representation of the Yangian with the 
Drinfel'd Polynomial P x (x) : 

P x (x) = / P 'W^ ' ;(A) = even (° dd ) > 

Wa) 709, A, M)) , /(A) = odd(even) . (3 3 56) 



Here P t , x Jx) = Pn-=k\)( x ) is the polynomial defined in ( 3.3.39 ), and 



7 (/3,A,M) = (l + ^)(l-Z(A)-M). 

Finally, one can compute the character F(q)M = tr F ( M) (g L °) of the space of 
semi- infinite wedges i^ M ) using the decomposition ( [3.3.54 ): 



(3.3.57) 

F(q) M = F(Q) ( M ) -F(Q) { 1 



/ M 

7V>0 
Af+M=even 



= Hm F(g)if = 

N—>oo 
N+M=even 

M f M y\ 

= q \ %» Q {p+i)2 , e = 0(l)when M is even ( odd ). 

v '1 pel 

The last expression above is the known character formula for the space F^- M ' which 



can be obtained, for example, from the decomposition ( 2.2.15 ) 
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4 Concluding remarks 



We have seen, that the language of the wedge product formalism is well-suited 
for derivation of the low-energy, conformal field theory limit of the fermionic spin 
Calogero-Suthcrland Model. One can think of several other situations where the 
approach based on wedges might be fruitful. First of all the generalization to the s[ n 
case seems to be quite straightforward. Another generalization - to the g-deformed 
situation may be approached by using the q- wedges recently introduced in and 
fl4jl . This should provide a way to describe a low-energy limit of Ruijsenaars models 
with spin || , jl6| ; and connect with the results of |1| . 
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